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ABSTRACT - Successful Strategies of Primary School Students in Pro-
portional Problems. The article investigates the successful strategies mo-
bilized by students in the literacy cycle when solving problems of simple
proportion. 483 students from the 1st to the 3rd grade of Brazilian Elemen-
tary Education, were asked to solve six problems of proportion, and the re-
sponses of 182 students who had successful strategies were analyzed. When
comparing school grades, there is an increase in hits from year to year, in
the class of situations one-to-many, which cannot be said about the class
for many, which remained stagnant. From the results obtained, it is pos-
sible that the multiplicative structure is being little discussed in the first
three grades of elementary school.

Keywords: Simple Proportion. Multiplicative Conceptual Field. Problem
Solving.

RESUMO - Estratégias Exitosas de Alunos dos Anos Iniciais em Situacdes
de Proporcao. O artigo investiga as estratégias bem-sucedidas, mobiliza-
das pelos alunos do ciclo de alfabetizacao ao resolverem problemas de pro-
porcdo simples. Solicitou-se a 483 alunos do 1° ao 3° ano que resolvessem
seis problemas de proporcao, sendo analisadas as respostas de 182 alunos
que tiveram estratégias bem-sucedidas. Quando comparados os anos es-
colares, hd aumento nos acertos de ano para ano, na classe de situacoes
um para muitos, o que nao se pode afirmar sobre a classe muito para mui-
tos, que permaneceu estagnada. Pelos resultados obtidos, é possivel que a
estrutura multiplicativa esteja sendo pouco discutida, nos trés primeiros
anos do Ensino Fundamental.

Palavras-chave: Proporcao Simples. Campo Conceitual Multiplicativo.
Resolucdo de Problemas.

Educacdo & Realidade, Porto Alegre, v. 45, n. 4, 96023, 2020. 1
http://dx.doi.org/10.1590/2175-623696023



Successful Strategies of Primary School Students in Proportional Problems

Introduction

One of the great challenges for learning mathematical knowledge
at school is the process of concept formation by students. In this sense,
understanding how this learning takes place and the forms of reasoning
mobilized by them is of great value to assist teachers in understanding
this trajectory. Based on this premise, the objective of the study, pre-
sented in this article, is to investigate the successful strategies mobi-
lized by students in the literacy cycle' when solving simple proportion
problems.

As Vergnaud (1983; 1988; 1994; 1998) points out, the formation of a
concept happens gradually and over along period. In this sense, seeking
to describe and explain the ways of thinking of children already in the
literacy cycle will allow to understand if and how the concept of simple
proportion is presented to children and how it can be worked by the
teacher in the school context. We emphasize that this concept evokes
a variety of other concepts and situations that need to be explored by
teachers in classroom activities, if we want the formation and concep-
tual expansion of multiplicative structures to occur from this level of
schooling. This is because learning certain school content means ap-
propriating numerous concepts with which that content is related. This
is one of the assumptions that underlie his Theory of Conceptual Fields,
which rethinks the conditions of conceptual learning.

The Theory of Conceptual Fields

In Vergnaud’s references (1983; 1988; 1994; 2009), a conceptual
field can be defined as a set of situations, which brings together a va-
riety of concepts, procedures and representations in close connection
with each other. From this perspective, when studying a certain con-
cept, we need to think about it inserted in a conceptual field. We un-
derstand that a situation, however simple it may be, involves more than
one concept; in fact, it involves a network of interconnected concepts,
which are necessary for the understanding and resolution of what is re-
quested. For example, in the situation:

Ana has 12 candies and wants to share equally between her and her
3 friends. How many candies will each receive?

From the point of view of school mathematics, we can identify
several concepts that are present in the above situation, such as: cardi-
nality, grouping, two-way correspondence, distribution, division, parti-
tion, among others. They are all present in the situation and are neces-
sary to understand the proposed situation.

When we think about mathematical problems, like the one pro-
posed above, we notice that the situations are responsible for the mean-
ing attributed to the concept. In the example presented, it has the
meaning of division. To solve it, the student will need to make use of the
operative invariants present in it. Vergnaud (1994; 1998) explains that
“operative invariants” refer to the mathematical properties that are
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present both in the problem situation (equality, one-to-many relation,
covariation relation between terms, and the distribution in equal parts
and understanding about the rest in the division operation), as well as
in the procedures adopted by the student when solving that class of
problem. These invariants can be explained by different forms of repre-
sentation: alphabetical, numerical, pictographic, iconic, among others.
However, they are not always explicit to the students themselves, that is,
they are not aware of the invariants present in the situation and, often,
of their adopted procedure to get the answer.

Yet, when faced with a new situation, analogous to the previous
experience, students will be able to use the invariants already built to
analyze, understand and solve what is proposed to them. It is at this
moment that the schemes - “(..) an invariant organization of activity and
behavior for a certain class of situations (...)” - are constructed (Vergn-
aud, 1998, p. 168).

Thatis why situations (tasks / problems / activities) are at the basis
of the Theory of Conceptual Fields. Starting from this, the relationship
between the invariants present (explicit or implicit) and the different
ways of representing them is narrowed. It is through situations that the
teacher can explore students’ understandings, make them potentially
meaningful and direct paths for learning.

We emphasize that the Theory of Conceptual Fields provides el-
ements for the identification of what students understand and do not
understand about a certain conceptual field. In our case, it helped us
in the construction of the diagnostic instrument and in the analysis of
the appropriation of the concept of simple proportion by students in the
literacy cycle. This is one of the concepts belonging to the multiplicative
conceptual field, or, as it is often called, multiplicative structures.

Multiplicative Structures

The multiplicative structures refer to a set of situations, which
include the operations of multiplication and division, or the combina-
tion of both, which involve concepts and theorems that allow analyz-
ing such situations. Among several concepts present in this field, we
can highlight reason, proportion, fraction, divisor, multiples, rational
number, linear and non-linear functions, vector space and dimensional
analysis (Vergnaud, 1983; 1988).

In this direction, Gitirana et al. (2014) affirm that the work with
situations involving the multiplicative field must occur during the en-
tire basic education. This means that, in order to master multiplication
and division, for example, the student needs to be able to solve differ-
ent types of situations and understand the concepts that are involved
in them, not just mastering the numerical calculation related to these
operations.

In an attempt to organize the diversity of situations proposed by
Vergnaud, which appear in different works (1983; 1988; 1994; 1998), Ma-
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gina, Santos and Merlini (2014), propose a scheme, in which these con-
cepts are classified within logic, involving relations, axes and classes
and types of situations.

Figure 1 - Scheme of the Multiplicative Conceptual Field
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The scheme proposed by the authors points out two relations that
characterize the multiplicative conceptual field: the quaternary rela-
tionship and the ternary relationship. The quaternary relation, named
by Vergnaud (2009) of Isomorphism? of measures, presents a double re-
lation between two or more quantities of different natures, involving
four or more measures. Included in these relationships are the axes:
single proportions, double proportions and multiple proportions, being
discussed in this article only the simple proportions one-for-many and
many-for-many, the focus of the investigation.

We clarify that the ternary relationship involves the combination
of three quantities, one of which is the product of the other two, both
in the numerical and dimensional plane. Part of this relationship, for
example, are the combinatorial problems - Maria took 4 blouses and 2
shorts for her trip. How many different sets can she make with these
pieces of clothing? - and those of multiplicative comparison - Joao al-
ready has 25 stickers on his album. To complete it, he will need to have
three times more stickers than he already has. How many stickers does
he need to complete his album?

The axis of simple proportions

This axis involves a proportionality relationship built between
four measures, taken two-by-two, being two quantities of one nature
and the other two of another nature (Magina; Santos; Merlini, 2014). For
example: One tapioca’® costs R$ 5.00. How much will I pay when buying 3
tapiocas? In this situation, the proportionality relationship is built be-
tween the amount of tapioca and the value in Reais. Note that, to find
the unknown value, the student must establish a relational calculation
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between the amount of tapioca and the value in reais, as illustrated in
Figure 2.

Figure 2 — Resolution scheme

Quantity of Value
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Source: Elaborated byMagina, Lautert, Santos.

In the resolution scheme shown in Figure 2, we observe the exis-
tence of two operators: the scalar operator (3), which operates between
measures of the same nature, and the functional relation (5), which es-
tablishes the relationship between the quantities of different natures .

When using the scalar operator (3), found in the relationship be-
tween the quantities of one measure (in this case, tapioca), we need to
apply it in the relationship to be established between the quantities of
the other measure (values in reais), to maintain proportionality and
thus find the unknown value (the solution to the problem). The reason-
ing is always proportional: if the relationship between measures of one
of the nature involved in the situation is established by multiplication
or division with a scalar operator, that operator must be used, with the
same operation, to maintain the relationship between the measures of
the other nature.

We can also use, to maintain proportionality, the functional re-
lationship (in this case the 5), found from the relationship established
between the tapioca unit and the real value corresponding to that unit.
In this case, we must multiply the amount of tapioca to be purchased by
the value in reais corresponding to the unit, which determines the total
amount to be paid (the solution to the problem). In this second possibil-
ity of resolution, the reasoning evoked is a functional relationship, in
which there is a dependency between quantities of different natures,
which can be operated through multiplication or division to establish
the relationship between these quantities. Mathematically, we can rep-
resent the situation using the linear function f(x) = 5x.

The reasoning used in simple proportion situations is based on
proportional knowledge (Vergnaud, 2009). It needs to be explored by the
teacher in the school context, because it allows the acquisition of more
sophisticated concepts, such as double and multiple proportions, which
will allow the mastery of quaternary relations in the Multiplicative Con-
ceptual Field*.

To build this proportional knowledge base, we also need to
understand that proportional situations are established from two
classes: one-for-many and many-for-many, discussed by us in several
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studies(Magina; Santos; Merlini, 2014; Santos, 2015; Magina; Merlini;
Santos, 2016; Magina; Fonseca, 2018). In class one-for-many, the small-
est possible relationship between the measures of the quantities in-
volved in the situation is always explicitly stated (1 tapioca costs 5 reais).

Vergnaud (2009) also draws attention to the fact that situations of
simple proportion, one-for-many, present variations regarding the posi-
tion given to the unknown term, the quantity to be discovered for the
solution of the problem. This is a central feature of quaternary relation-
ships of this nature, having repercussions on the operation that will be
employed in the search for a solution, either a multiplication or division.

Therefore, we can have the same structure to relate the quantities
of different natures, but at different levels of complexity, for example
(see Table 1), in which we present the resolution of the three situations,
namely:

Situation A: Jodo sells potted flowers in his flower shop. For each pot to be
sold, he always puts 5 flowers. If he sells 3 pots, how many flowers will be
sold?

Situation B: Jodo sells potted flowers in his flower shop. For each pot to be
sold, he always puts 5 flowers. If he has 15 flowers, how many vases are
needed to sell all those flowers?

Situation C: Jodo sells potted flowers in his flower shop. For each pot to be
sold, he always puts the same number of flowers. If he has 15 flowers and 3
pots, how many flowers should Jodo put in each pot?

Chart 1 — Resolution scheme with different levels of difficulty

Situation A Situation B Situation C
Quantity Quantity of Quantity Quantity of Quantity Quantity of
of pots Flowers of pots Flowers of pots X5 Flowers
+5
X2 o 5 e —_—
X3 j X3 |x3 ) X3|=3( ) ?i +3
/ / J +5 AN /x5 \
3I_x5 §X €1 3 —3 15

Source: Elaborated by Magina, Lautert, Santos.

Note that, in each of the situations (A, B and C), there is a qua-
ternary relationship, which involves different quantities of nature (pots
and flowers) and that this relationship is always part of the unit. How-
ever, the positioning of the unknown term (x) shows that the nature of
the situation is not the same, which will require different arithmetic op-
erations. Let us also note that, in all situations, it is possible to use the
functional or scalar relationship.

Situation A is solved by a multiplication operation, while situa-
tions (B and C) evoke division with different ways of thinking. In Situ-
ation B, there is several flowers in each pot (pre-established quota), so
the amount of pots needed to place the number of flowers that Jodo has
in his flower shop should be arrived at. This situation is called quota
sharing. Itis important to emphasize that, often, students solve it think-
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ing about repeated addition (adding the group of parts - in this case, the
five flowers - until reaching the whole - in this case, the total of 15 flow-
ers) Finally, in Situation C, the total amount of flowers is given, which
must be distributed equally in three pots, and the size of the parts (how
many flowers will be in each pot) must be found, this being called divi-
sion by partition.

On the other hand, for situations of proportion established from
the many-to-many class, the relationship between the unit value of one
of the quantities in relation to the other quantity is not explicit. Regard-
ing the set of natural numbers, in some situations, it is possible to deter-
mine this relationship, but in others it is not. Below, we will present two
situations involving these two cases:

Situation 1: At Mr. Manoel’s stall, I buy 2 tapiocas with 10 reais. To buy 6
tapioca, how much will I spend?

Situation 2: Mr. Manoel’s stall has a promotion: For every 4 tapioca pur-
chases, the customer gets 2 glasses of juice for free. Paula and her friends
bought 12 tapiocas; how many glasses of juice did they get for free?

We observed that, in neither of the two situations above, the value
of the unit of measurement of any of the quantities is explained. How-
ever, in Situation 1, it is possible to calculate it (if 2 tapiocas costs 10
reais, then 1 tapioca costs 5 reais) and, eventually, this calculation can
help the student discover the amount to be paid for the purchase of 6
tapiocas (if 1 costs 5, then 6 cost 30). On the other hand, in Situation 2,
although itis possible to find the unity of one of the quantities, it makes
no sense to find the one-to-manyrelationship, because the condition of
the problem informs that the person will only get the 2 glasses of juice,
if, and only if, they buy 4 tapiocas. Therefore, in Situation 2, there is no
possibility to buy 2 tapioca and get a glass of juice, that is, it does not
help to solve the situation and find a one-tfo-manyrelationship. Figure 3
shows possible resolution strategies for each situation.

Figure 3 - Two possible schemes to solve the problems of many-to-
many (Situations 1 and 2)

Quantity of Value Quantity of Juice
Tapioca In Real Tapioca In cup
51 —. 4 + 2 a 2.

{ ( |® \\ X X ( \I X
= + : /

X ~2 * H) W12 2 x4
? ‘/
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Source: Elaborated by Magina, Lautert, Santos.

Note that the scheme we chose to solve Situation 1 initially sought
to find the one-fo-manyrelationship, this being done through the scalar
operator, dividing both the number 2 and 10 by 2, thus, reaching the ra-
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tio of 1 to 5. Then multiplied both 1 and 5 by 6, thus finding the value 30
for the unknown problem. This scheme could not be used to solve situ-
ation 2. We explained that the student could also use this factor without
necessarily looking for the one-tfo-manyrelationship, that is, solving the
problem by considering the many-to-manyrelationship (2 to 10). In fact,
the student could identify that 6 tapiocas are 3x 2 (so the scalar operator
of tapiocas is x 3) and apply this same factor to the value greatness (in
reais). In that case, he/she would find 10 x 3 = 30 reais.

Another scheme to be used in Situation 1 would be to find the
functional relationship between the quantities 2 tapiocas and 10 reais
In that case, it would be: 2 x5 = 10 (functional factor: x 5) and then apply
that same factor to the 6 tapiocas. The student could also use this strat-
egy to solve Situation 2, finding the functional relationship between the
magnitudes of the situation (4 + 2 = 2, that is, functional factor: x / 2)
then applying it to the 12 tapiocas.

There would still be the possibility for the student to solve Situa-
tions 1 and 2 by applying the ‘rule of three’ scheme, in which, by the al-
gorithmic resolution procedure in the first situation, the student would
multiply 6 (tapiocas) by 10 (reais) , divide the result by 2 (tapiocas) and
find 30 (reais); for the second, he would multiply 12 (tapioca) by 2 (glass-
es of juice), divide by 4 (tapioca) and find 6 (glasses of juice). But, in this
case, we thought: what sense does it make to multiply tapioca by real,
divide by tapioca and find real?! Or even multiply tapioca by glasses of
juice, divide the product by tapioca and find a certain amount of juice
glasses?! A question similar to ours is found in Vergnaud (1998, p. 171),
when he considers that, although the rule of three can be a lawful pro-
cedure to solve a simple proportion problem, class many to many, “this
procedure is used very rarely , and most students feel that it makes no sense
to multiply 40km by 36 minutes. And are they, not right?”.

Finally, we clarify that these situations are far from exhausting
problems that involve the many-to-many relationship. We do not deal,
for example, with situations when the functional factor between the
quantities goes beyond the universe of whole numbers. For example,
in situation 2, the promotion could be: “For every 5-tapioca bought, the
customer would get 2 glasses of juice for free”.

Empirical studies and the resolution of proportion
problems

In a broad way, the conceptual field of multiplicative structures
and, in particular, the axis of simple proportions are addressed by sev-
eral authors who seek to list the importance of conceptualization in the
teaching and learning process of school mathematics, the knowledge
about how teaches and how to learn the concepts involved and the for-
mulation and structure of problem situations belonging to this field.

Kishimoto (2000) investigated the effects of proportional and
metacognitive reasoning on 344 Japanese elementary school students,
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in solving mathematical problems written with decimal fractions. Situ-
ations involving multiplication were proposed for students of the 4th,
5th and 6th grades of Brazilian Elementary School and that addressed
proportional reasoning and a metacognitive questionnaire. The study
identified both reasoning as factors for solving written mathematical
problems and that these reasoning are important factors for 4th grade
students in their solving strategies.

Pessoa and Matos Filho (2006) analyzed the skills of 153 4th and
6th grade students in solving Multiplicative Conceptual Field problems,
observing the influence of schooling time on the performance of these
students, comparing their resolutions analyzed in two grades. For this,
students were asked to solve, individually, seven multiplicative prob-
lems of different types. As a result, it was observed that the problems
of more complex types (one-to-many ratio in the division by quotas
and combination) and, probably, less worked in the classroom and in
textbooks, are those with the highest percentage of relational error. The
authors conclude that it is still necessary to invest in the diversification
of the types of problems, in their forms of representation and in the situ-
ations presented to students.

In a study carried out with 50 students in the early grades of el-
ementary school at a public school in the metropolitan region of Porto
Alegre, Lara (2011) analyzed how these students solved two problem
situations that addressed multiplication (one of correspondence one-
to-many and another many-to-many, both on the axis of simple propor-
tions). It was found that students of the 1st and 2nd grades had better
performance than some of the 4th and 5th grades who already used
algorithms. The results of the study reflect on the usual requirement
regarding the memorization of the results of a multiplication, through
the use of ‘multiplication tables’, which can harm students in the de-
velopment of their ability to think mathematically, in which the use of
estimates can be valued. and creation of multiple resolution strategies
by students.Magina, Santos and Merlini (2014) investigated the perfor-
mance and strategies used by 175 students in the 3rd and 5th grades of
elementary school in a public school in Sdo Paulo, in solving two situ-
ations of the simple proportion axis in the Multiplicative Conceptual
Field, classifying the levels of reasoning employed by them. Centering
the discussions on the relationships one-to-many and many-to-many,
the results indicate a limited evolution of the students’ competence
when dealing with situations of this conceptual field and of the inves-
tigated axis. Analyzing only the situation that addressed the many-to-
many relationship, there was a sharp drop in this evolution. About the
strategies used by 6th grade students, it was noted that these students
primarily employ multiplicative procedures, while 3rd grade students
use additive procedures.

The interpretation that teachers and future teachers make of the
errors of elementary school students in solving problems of multiplica-
tive structure was the object of study by Spinillo et al. (2016). It was asked
to 12 future teachers and 12 elementary school mathematics teachers,
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in a semi-open interview, during the presentation of six cards, each
containing the statement of a problem (three of product of measures,
three of isomorphism of measures), which indicate the incorrect solu-
tion of the problem that should be interpreted. Participants identified
procedural, linguistic and conceptual errors, characterizing errors in
measurement product problems, especially as conceptual, and errors in
measurement isomorphism problems, especially as linguistic ones. The
same pattern of quantitative results was found for both groups, lead-
ing the authors to the conclusion that, in the teaching of mathematics,
the type of problem has a relevant role in the way of interpreting errors
more than the training and experience of these teachers.

In another study, Spinillo et al (2017) investigated how elementary
school teachers understand and formulate situations pertaining to the
Multiplicative Conceptual Field. For this, they asked 39 teachers of all
grades of this level of education and who worked in public schools to
formulate mathematical situations that could be solved through multi-
plication and/or division. The results of the study showed that the inves-
tigated teachers understand the meaning of a multiplicative situation
and formulate problems appropriately, with few statements in which
information was omitted or that presented linguistic inaccuracies. It
was identified that most of the situations elaborated were of the same
type and involved only one step for their resolution. The little variability
was verified in relation to all teachers, regardless of the grade in which
they taught. The authors concluded that the investigated teachers have
difficulty in formulating problem situations that involve the different
relationships that comprise the multiplicative structures, and it is nec-
essary to develop together with the elementary school teachers the abil-
ity to formulate diverse mathematical problems that encompass all the
complexity of the conceptual investigated field.

Merlini and Teixeira (2018) analyzed the performance of 162 stu-
dents from the 1st grade of elementary school in public schools in five
different regions of Bahia and categorized their adopted resolution
strategies that led to the correctness, when they resolved a situation of
simple proportion, class one-to-many, whose most suitable operation is
multiplication. The authors conclude that even students in the 1st grade
of elementary school who have not yet had formal contact with situa-
tions of the multiplicative structure have demonstrated mathematical
notions, as they use iconic representation as a resolution strategy, man-
aging to solve situations in the multiplicative structures.

Lautert, Santos and Merlini (2018) investigated the performance
and resolution procedures mobilized by 809 students from the 3rd and
5th grades of elementary school in public schools in Recife and Ilhéus,
in order to solve four division problems involving simple proportions:
two of one-to-many and two of many-to-many correspondence. The re-
sults show that one-fo-many correspondence problems are easier than
many-to-many correspondence problems, for both grades; that 3rd
grade students tend to present more idiosyncratic procedures/strate-
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gies or without connection with the statement, while 5th grade students
tend to perform procedures involving multiplicative reasoning.

In view of the above, the study investigates the strategies of stu-
dents in the literacy cycle by settling situations of simple proportion,
one-to-many and many-to-many, whose aspects have been little ex-
plored in the literature of the area.

We consider the possibility of a relationship between student per-
formance and the fact that the multiplicative structure is usually little
or not worked at school until the 4th grade and when it is, it has a con-
notation of repeated addition (often related to multiplication tables).
However, this view is strongly supported in our experience with the
training of teachers in the early years of elementary school, which we
recognize as havinglittle power of generalization. What we have seen is
that the school reserves the first two school grades, and sometimes the
third grade as well, for the additive structure. The multiplicative struc-
ture takes place in the 4th and 5th grades, when it is usually worked in a
formal way, through multiplication tables and teaching the multiplica-
tion operation, followed by division. Thus, we believe that when inves-
tigating the strategies of 1st and 2nd grade students, we will not find ca-
nonical strategies (those taught by the school, which follows the formal
rigor of Mathematics) in solving problem situations. On the other hand,
among 3rd grade students, it is possible that some (few) formal strategy
will appear, perhaps even mixed with informal actions.

The study

It was a descriptive study composed of a diagnostic instrument
that included 13 problem situations. This instrument was diagrammed
in a booklet format, occupying half an A4 sheet. Every problem situa-
tion offered space demarcated below each statement for resolution and
response, and, therefore, each problem situation occupied a page. The
diagnosis was applied collectively, per school year, to students from all
elementary schools, leaving them to resolve individually and in writing.
For the purpose of this article, we will analyze six of the 13 situations
that were in this diagnosis, namely, those that dealt with the simple
proportion and, still, referring only to the answers offered by students
from the 1st to the 3rd grades of Elementary School, that is, those who
found, at the time of application, studying literacy grades. The situa-
tions that we will analyze are illustrated in Chart 2. The application of
the instrument occurred in a single session and had the collaboration
of the teacher. It was up to the teacher to read the problem situations
outloud, one at a time, asking the students to solve it in the spaces indi-
cated, before moving on to the next reading.

From the sample point of view, the study involved a population of
483 students, of both sexes, attending the first three grades of elemen-
tary school in four public schools in the city of Recife, who were par-
ticipants in the E-Mult project, financed by CAPES, within the scope of
the Edital Observatorio da Educagdo. These quantitative only enrolled
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students who scored at least one of the six problems found in Table 2. As
of this condition, 182 students remained, being 22 from the 1st grade, 45
from the 2nd grade and 115 students from the 3rd grade.

Chart 2 - Problem situations of simple proportion proposed to students

One-to-many

Many-to-many

P1. JOANA KNOWS THAT, IN A PACKAGE, THERE
ARE 6 COOKIES. SHE HAS 5 PACKAGES. How
MANY COOKIES DOES JOANA HAVE?

P4. To MAKE 3 COSTUMES, 5M OF FABRIC IS
REQUIRED. ANA HAS 35M OF FABRIC. HOw MANY
FANTASIES CAN SHE MAKE?

P2. A SUPERMARKET DID A PROMOTION: “TAKE
4 LITERS OF JUICE FOR ONLY 12 REAIS”. How
MUCH WILL EACH LITER OF JUICE COST?

P5. CAIO BOUGHT 9 BOXES OF JUICE AND PAID
15 REAIS. IF HE BOUGHT 3 BOXES OF JUICE, HOW
MUCH WOULD HE NEED TO PAY?

P3. EscorLa RECANTO WILL HOST A PARTY FOR
36 GUESTS. AT EACH TABLE, THERE WILL BE 4
GUESTS. HOW MANY TABLES WILL THE SCHOOL

P6. IN A CONTEST AT ESCOLA SABER, EVERY 3
LAPS RUNNING ON THE COURT, THE STUDENT
SCORED 4 POINTS. ALEX RAN 15 LAPS ON THE

NEED TO RENT? COURT. HOW MANY POINTS DID HE SCORE?
Source: Project in Rede E-Mult (Santana, 2013) / Project PEM (Magina, 2013).

Having explained the study, we will discuss the results obtained in
the next section. It is important to remember that our analysis will focus
only on the students’ scores. In other words, our interest is to investigate
successful strategies, mobilized by students from the 1st to the 3rd grade
(literacy cycle) when they solve problems of simple proportion.

Analysis of results

We started by presenting the percentage of correct answers of
the three groups studied (1st grade, 2nd grade and 3rd grade) in the six
questions investigated, considering the general correctness and the
correctness in each of the proportion classes (one-to-many and many-
to-many), shown in Graph 1 below:

Graph 1 - Percentage of general and by class scores, of students of
the 1st, 2nd and 3rd grades

70

100
u 1xM

80 EMxM [T

60 52

40 3 26

20 -

0 4
1st grade 2nd grade 3th grade

Subtitle 1xM = one-to-many; MxM = many-to-many
Source: Magina, Lautert, Santos, based on the study data.
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Graph 1 shows that when we analyze students’ performances in
situations one-to-many, in the three school grades, we find that there is
asignificant difference between them (c?, = 17.064; p < 0.001). However,
this difference is not confirmed between the 1st and 2nd grade (¢*, =
0.391; p =0.531), indicating that the group that presents a different be-
havior from the others is the 3rd grade, whose percentage of correct an-

swers was higher than that of the previous two grades.

On the other hand, when we compare performance between
school grades in many-to-many situations, we find that the differences
are not statistically significant (c*, = 3.584; p = 0.167). In fact, the three
groups have had little success in solving this type of problem.

It is also worth noting that, when analyzing the performance of
1st grade students, according to the type of problem, we find that the
average percentage of correct answers in one-to-many situations is al-
most double the average in many-to-many situations (¢’ = 6.212; p =
0.013). In the 2nd grade, this difference increases, reaching almost 6
times more (cz(l) = 37.383; p < 0.001). Finally, in the 3rd grade, in which
students’ performance in situations one-to-many proved to be statisti-
cally better than in previous grades, this performance is almost eight
times higher (c? , = 215.182; p < 0.001). Thus, we find that the gain in
learning proportionality occurs mainly in situation one-to-many, while
in situation a many-to-many, it remains stagnant.

Regarding student behavior regarding the number of right prob-
lem situations, Table 1 provides an overview of all students versus the
number of right situations. We clarified that students could correct six
situations at most, that is, three situations in class one-fo-many and
three in many-to-many. We also inform that Table 1 below shows the
results of all students, without separating the school grade.

Table 1 —- Number of situations that students scored, according to
the classes of proportions

Scores One Two Three Four Five Six
Classes situation situations situations situations situations Situations
The two classes 0
(a=182) 108 46 21 5 2
One-to-many 96 44 21 0 0 0
(n=161)
Many-to-many
36 4 0 0 0 0
(n=40)

Source: Magina, Lautert, Santos, based on the study data.

Note that the first line presents the answers of 182 students (re-
gardless of school grade, or the type of class the student belongs to -
one-to-many or many-to-many). So, for example, we have 108 students
who scored just one situation, which may be class one-to-many or many-
to-many. Likewise, and still looking at this line, we have that five (05)
students scored four situations. These four situations can be three from

Educacgéo & Realidade, Porto Alegre, v. 45, n. 4, €96023, 2020. 13



Successful Strategies of Primary School Students in Proportional Problems

the class of one-fo-many and one from the many-to-many, or even two
from the class one-to-many and two from the many-to-many. It cannot
be three from the class of many-to-many and one from one-to-many,
because no student has solved the three situations in the class of many-
to-many. On the other hand, in the second and third lines of Table 1,
the value of “n” does not match 182, nor is it double. In fact, it seems
to indicate that there would be 201 students (161 + 40), but it is not so.
What happens is that there were cases in which the student was count-
ed twice, because he/she scored, for example, two situations in the class
one-to-many (and then he/she is one of 46 students) and he also scored
a situation in the class many-tro-many (being part of the 36 students).

Information taken from the data presented in Table 1 refers to the
level of difficulty between one and another class of situations. In fact, it
is noted that while in the one-to-many class, 21 students scored all three
proposed situations, in the many-to-many class, we had no students
with such success. Even with the score of two problems in the class, the
number of correct situations from one to many was 11 times higher. As
we discussed earlier, we credit this result to the fact that, while in the
class of one-tfo-many, the student is required only one operation, in the
class of many-to-many, two operations are required.

As the focus of this article is on analyzing the successful strate-
gies used by these students, we will leave aside the questions related to
the students’ skills (percentages and number of correct answers) when
solving the problem situations to focus on the ones they used, achieving
success in their resolutions. While 3rd grade students diversified their
resolution strategies more (we identified six in all), 1st and 2nd grade
students were limited to using only three strategies.

Based on the reading of the strategies used by the students when
answering the diagnostic instrument, it was possible to identify six
strategies. Of these, only the first three were found among 1st and 2nd
grade students. From the point of view of Vergnaud (1994, 1998), the
latter have less resources to deal with such situations, most likely the
result of their little expansion of the multiplicative conceptual field. It
is important to note that further expansion of this field by 3rd grade
students does not necessarily mean school learning. Such fact may have
occurred due to the cognitive development factor or, still, due to the in-
teraction of the children in this group with multiplicative situations of
everyday life.

Next, we will describe and exemplify the six strategies, which were
identified with the contribution of three judges (specialists in the area
of Mathematics Education), through discussions to reach a consensus
on the strategy adopted by students in solving situations:

Strategy 1 (ED): misunderstood —it is characterized by the fact that
it is not possible to establish a relationship between the procedure ad-
opted by the student and the result presented by him/her, either be-
cause he/she does not make the representation clear or because he only
provides a number as an answer, without any other record. Alternative-
ly, the student makes record that did not allow us to identify the strategy
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he/she used to resolve the situation. We present, in Figure 4, below, two
examples whose answers were classified in category E1.

Figure 4 - Examples of strategies classified as E1

P7 - A SUPERMARKET DID A PROMOTION. "TAKE 4 | P6. I A CONTEST AT ESCOLA SABER, EVERY 3 LAPS
LITERS OF JUICE FOR ONLY 12 REAIS" HOW MUCH | RUNNING ON THE COURT, THE STUDENT SCORED 4
WILL EACH LITER. OF JUICE COST? POINTS. ATEX RAN 15 LAPS ON THE COURT. HOW
MANY POINTS DID HE SCORE?
T Y
ESPACO FARA R GISTRAR A SUA RESOLUCAD
|
‘ / 7 ) ‘
L Resposta:_2a — /l m,m‘__g_o—__
Protocol of a 1st grade student Protocol of a 2nd grade student

Source: Project in Rede E-Mult (Santana, 2013).

We observed that, in the two examples above, the students offered
the correct answer to the situations, but they left us no clue as to how
they thought to solve them. The student in the example on the left pro-
duces some drawings, which are not enough for us to understand the
strategy he/she used. On the other hand, in the example on the right,
the student leaves no mark on the paper beyond his/her answer, making
any identification of strategy unfeasible.

Strategy 2 (E2): groupings — it is characterized by responses in
which students use groupings (iconic or numerical), without however
indicating whether, from that group, enumeration (counting one by
one) or an operation (addition or subtraction) was used to get the an-
swer. There is no indication that the student has made use of an opera-
tion on his/her record. Below, we present, in Figure 5, two examples of
using this type of strategy.

Figure 5 — Examples of strategies classified as E2

P3. ESCOLA RECANTO WILL HOST A PARTY FOR 36
GUESTS. AT EACH TABLE, THERE WILL BE 4 GUESTS.
HOW MANY TABLES WILL THE SCHOOL NEED TQ RENT?

P3.ESCOLA RECANTO WILL HOST A PARTY FOR
36 GUESTS. AT EACH TABLE, THERE WILL BE 4
GUESTS. HOW MANY TABLES WILL THE SCHOOL
NEED TO RENT?

ESPACO FARA REGISTRAR A SUA RESOLUCAD

o B H
p Dal 2

Protocol of a 2nd grade student

[ESPACO PARA REGISTRAR A SUA RESOLUCAQ

ecoo
oooo  *Otables

Protocol of a 2nd grade student

Source: Project in Rede E-Mult (Santana, 2013).

Strategy 3 (E3): repeated addition — characterized by the option for
students to register an addition, numerical or iconic, of repeated plots
in their action in solving the problem. We understand that, when us-
ing this type of strategy, the student demonstrates that he/she is in a
transition phase between additive and multiplicative reasoning (Ma-
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gina, Santos, Merlini, 2014, p. 528). “This strategy is close to multiplica-
tive thinking, but it is anchored in additive reasoning, that is, it forms
groups of the same quantity to then carry out the addition operation”.
Figure 6 presents two protocols that exemplify this type of strategy.

Figure 6 — Examples of strategies classified as E3

P1. JOANA KENOWS THAT. IN A PACKAGE, THERE
ARE 6 COOKIES. SHE HAS 5 PACKAGES. How
MANY COOKIES DOES JOANA HAVE?

PI. JOANA KNOWS THAT. IN A PACKAGE. THERE ARE 6
COOKIES. SHE HAS 5 PACKAGES. HOW MANY COOKIES
DOES JOANA HAVE?

'ESPACD PARA REGISTRAR A SUA RESOLUCAO [ESPACO PARA REGISTRAR A SUA RESOLUGAO
6 64
b et

&
b 3
0 B>
repo: 0 BiolaatI>
Resposta: 3O

Protocol of a 3rd grade student

Protocol of a 2nd grade student
Source: Project in Rede E-Mult (Santana, 2013).

In both the example on the left and on the right, we noticed that
the students repeated the number six, five times and then added that
amount. While the student in the example on the left has mastery over
the addition operation, from the point of view of the algorithm, the stu-
dent in the example on the right does not master such an algorithm.
However, note that both have the concept of addition, both repeat the
numeral 6 five times and both arrive at the same correct result, in a clear
demonstration that they understood that they should add the number 6
five times, satisfying the situation-problem proposed.

Strategy 4 (E4): iconic support operation —it is characterized by the
act of solving the problem through a formal multiplication, but with
iconic support. In this case, the student demonstrates how to arm and
carry out the multiplication operation but seems to lack iconic support
that presents itself as a repeated model. This support probably helped
him/her to carry out this multiply operation. This type of strategy,
which occurred only among 3rd grade students, points not only to the
student’s formal contact with the multiply operation, but also to an in-
formal strategy search (iconic representation). Figure 7 below provides
an example of this type of strategy.

Figure 7 — Example of strategy classified as E4

PI. JOANAKNOWS THAT. IN APACKAGE. THERE ARE 6
COOKIES. SHE HAS 5 PACKAGES. HOW MANY COOKIES DOES
JOANA HAVE?

[ESPACO PARA REGISTRAR A SUA RESOLUCAD

oo 000
coooeC

oog 022
& S
»r

* 5 times 6 was 30
Rawww.-_i.m‘vm.ﬁ.:ﬁ...a_v.a__
Protocol of a 3rd grade student
Source: Project in Rede E-Mult (Santana, 2013).
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Upon examining the student’s resolution, we noticed that he/she,
in addition to setting and correctly calculating the account, drew, next
to it, five rows of six dots. It is not clear whether the student first counted
and then lined up the dots to confirm that his/her action was correct, or
whether, on the contrary, he/she designed the rows of dots and, based
on them, set up and carried out the account. What is clear is that the
icon and the idea of repeated addition are part of its resolution, together
with the account.

Strategy 5 (E5): use of multiplicative operations —it is characterized
by the student’s action to use an arithmetic operation (multiplication
or division) in a canonical manner, to seek the solution of the problem.
This strategy, like the previous one, was used only by 3rd grade stu-
dents. In the sequence, we present, in Figure 8, two examples (one of
multiplication and one of division).

Figure 8 - Example of strategies classified as E5

Pl. JOANA KNOWS THAT, IN A PACKAGE, THERE | P4. TO MAKE 3 COSTUMES, 5M OF FABRIC ARE
ARE 6 COOKIES. SHE HAS 5 PACKAGES. HOW | NEEDED. ANA HAS 35 M OF FABRIC. HOW MANY

MANY COOKIES DOES JOANA HAVE? FANTASIES CAN SHE MAKE?
ESPACD PARA REGISTRAR A SUA RESOLUCAD |/ ESPACD PARA REGISTRAR A SUA RESOLUCAD B |
{ g |
x5
30
* Ana can make 7 fantasies
Resposta: . Resposto: JAceas_pads o313 Jonida,
Protocol of a 3rd grads student Protocol of a 3rd grade student

Source: Project in Rede E-Mult (Santana, 2013).

We observed that while the student in the example of Problem 1
satisfactorily solves the situation, the same does not happen in Problem
4. In fact, we note that, in problem 4, the student solves the first part of
the problem (finds the value of the operator to climb between the me-
ters, which is 7m), but does not apply this relation to costumes (3 X7 =21
costumes). It is important to keep in mind that while problem 1 is class
one-to-many, which requires only one operation to find the solution,
Problem 4 belongs to class many-to-many, which requires two opera-
tions (multiplication and division), making it a more difficult problem
for students. Our statement is supported by the percentage of correct
answers that these students presented in both types of problems (see
Table 1, where it appears that students’ performance in the problems
of one-to-manywas four times better than in those of many-to-many).

Strategy 6 (E6): functional with iconic and symbolic support — it is
characterized by actions in which the student establishes a proportion-
al relationship between the quantities of different natures, applying
this relationship to arrive at the resolution of the problem. In Figure 9,
we present two examples in which this strategy is used.
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Figure 9 — Examples of strategies classified as E6

P4. To MAKE 3 COSTUMES, 5M OF FABRIC ARE | P6. IN A CONTEST AT ESCOLA SABER, EVERY 3
NEEDED. ANA HAS 35 M OF FABRIC. HOW MANY | LAPS RUNNING ON THE COURT, THE STUDENT
FANTASIES CAN SHE MAKE? SCORED 4 POINTS. AIEX RAN 15 LAPS ON THE
COURT. HOW MANY POINTS DID HE SCORE?

ESPACO PARA REGISTRAR A SUA RESOLUEAD
Jr ey bt rd v
a 2

z'2 2 22| :
I |
KRSt *

Resposta: 2.1 ‘ . : |
Protocol of a 3rd grade student ~— —)

Protocol of a 3rd grade student

P —

ESPAGO FARA REGISTRAR A 3UA RESOLUCAT Y

Source: Project in Rede E-Mult (Santana, 2013).

The first thing that draws our attention in the examples is that, in
both, the students sought support icons (dashes or dots). The relation-
ship they establish is between the values explicitly stated in the state-
ments - 3 (costumes) for 5 (meters) and 3 (turns) for 4 (points). However,
how did they know that they would have to repeat the ‘5 to 3’ relation-
ship seven times? Or likewise, how did they know that in order to know
the total point that Alex scored, it was necessary to establish this ‘4 to 3’
relationship five times?

Our hypothesis is that the student first used the covariation op-
erative invariant (or scalar operator). In the example of meters for cos-
tumes, the student seems to have identified that 35 m is seven times
more than 5m (or, still, to reach 35 from 5, it is necessary to repeat this
5 seven times). In other words, the student found the value of the scalar
operator between the values of the meter variable (in case 7) and applied
it to the functional relationship (between 3 meters and 5 costumes),
identifying how many times this relationship would be repeated. Like-
wise, we can assume that, in the example on the right, the student first
identifies the scalar operator (5), and this will be the number of times
that the relationship between 4 and 3 will be repeated, concluding that
4 points 5 times result in 20 points.

This hypothesis may have as an action variant the idea of “com-
plementation” in which the 5 is repeated several times until it reaches
35 (5+5=10,itdid not arrive; + 5 = 15, it did not arrive ... and so on until
it arrives to the desired value), and then this process is copied to the
other quantity (3 seven times, reaching 21). Whether by one way or an-
other, the fact is that the student explains the scalar factor between the
values of one of the variables (between 5 and 35, since he/she repeats 7
times 5) and does the same for the other variable , repeating the 3 (rep-
resented iconically) seven times. Our student makes it clear that there is
arelationship between the values of the variables (5 and 3, in the case of
fabric meters, and 4 and 3, in the case of laps and points per lap).

Finally, to summarize our analysis, we find, in Table 2 below, the
presentation and quantification of the types of strategies used by stu-
dents of the three grades, according to the type of problem situations.
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Table 2 — Relationship between the strategies used successfully

and the problem situa
1stgrade (n=22) 2r}§§i§)d € 3rd grade (n=115) Total
El E2 E3 El E2 E3 El E2 E3 E4 E5 E6
3 9 17 125
P1| (of22) 6 0 | (of45) 16 3|(of115) 30 18 7 16 O | (0f182)
1 5 14 74
P2| (of22) 3 1 | (of45) 9 0|(f115) 35 1 0 5 0 | (of182)
7 5 25 50
P3| (0of22) 1 0 | (of45) O 0|(cf115) 7 1 0 4 0 | (of182)
0 1 6 10
P4| (of22) 0 1 | (of45) 0 0|(cf115) 0 0 O 0 2 | (of182)
7 5 11 23
P5| (0of22) 0 0 | (of45) O 0|(cf115) 0 0 O O 0 | (of182)
0 2 4 10
P6| (0f22) 0 0 | (of45) O 0|(of115) 2 0 0 0 2 | (of182)
27 7
18 10 2 (of (of
TOTAL | (of 132) 270) 25 3| 690) 74 20 7 25 4
% 14 8 1,5 10 9 1 11 11 3 1 4 0,5

Note: n = number of students who scored at least one of the six problem situations.
Subtitle: P1, P2 and P3 = Problems one-to-many P4, P5 and P6 = Problems many-
to-many. E1 = misunderstood strategy; E2 = groupings strategy; E3 = repeated
addition strategy; E4 = operation strategy with iconic support; E5 = strategy using
multiplicative operations and E6 = functional strategy with iconic and symbolic
support.

Source: Magina, Lautert, Santos, based on the study data.

The data shown in Table 2 indicate that there was a tendency for
behavior in the three groups, in which the most used strategies were, by
far, E1 and E2 - one that does not explain the scheme used to resolve the
situation (E1) and that of grouping, through the use of icons (E2). Still,
although in small numbers, we had students from the three grades us-
ing the repeated addition strategy (E3), usually with the help of icons.
Such data provides us with an idea of the importance of the icon in sup-
porting students’ reasoning, as we know that multiplication problems
are little or not worked in these years of schooling, especially the 1st
and 2nd grades. These results reaffirm the conclusions of the study by
Merlini and Teixeira (2018).

We also want to draw attention to: first, the students of the three
grades had similar behaviors in the sense that it was E1, followed by E2,
the most commonly used strategies; second, E1 may have been a “kick”,
a count or even a mental operation for these students. But what matters
here is that the student did not know (or could not or did not want to)
record the path he/she took to find the result. It is important to inform
that, throughout the application of the test, the researchers constantly
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emphasized and encouraged the recording of their resolutions. The
case of not knowing or not being able to register in the references to the
implicit use of the invariant (Vergnaud 1994, 1998).

We also noticed that more sophisticated strategies - E4, E5 and
E6 - in which the multiplication or division operation is explicitly per-
formed - only appear among 3rd grade students and, even so, with a
negligible percentage (just over 5%). This was already expected, since,
as we stated earlier, it is customary for the school universe to only for-
mally introduce the multiplicative structure in the 3rd grade, with em-
phasis on the 4th grade.

Finally, we would like to draw your attention to the non-canonical
solutions of four 3rd grade students, who, in two of the problem situ-
ations (P4 and P6), find the solution looking for the relationship, with
the help of icons, existing between the variables present in the state-
ment. In the view of Magina et al. (Magina; Santos; Merlini, 2014; Ma-
gina; Merlini; Santos, 2016; Magina; Fonseca, 2018), the proportionality
relationship is built between four measures, treated two by two.

Conclusion

Our first conclusion is that students, even without having learned
the process of multiplying, can think multiplicatively. This result has
found support in related studies (Magina, 2013; Magina, Santos e Mer-
lini, 2014, Lautert; Santos, 2017, Lautert; Santos; Merlini, 2018, Merlini;
Teixeira, 2018; Magina; Fonseca, 2018). We identified, however, that,
even if such thinking is sufficiently elaborated, alternative strategies
are already sought since the 1st grade, to lead them to success in solving
the problem situation. So, although this conclusion has already been
pointed out in previous studies, we bring as a novelty the identification
of alternative strategies of the students, such as counting, repeated ad-
dition and, in a way, the use of different icons.

There is a clear distinction, in terms of success and use of strat-
egies, between the two classes - one-to-many and many-to-many - in
which, in the first, there is a significant jump between the behaviors of
students from the 1st and 2nd grades and those of the 3rd, in favor of
the latter; on the other hand, in the second, the result suffers from the
floor effect. It is difficult for students to explain the invariants of the
class many-to-many, resulting in solutions based, above all, on implicit
schemes. This was true for the three school years.

Finally, we conclude that these results confirm our conjecture
that the school has taught little or nothing about multiplicative struc-
tures, especially in the 1st and 2nd grades. Such a posture makes it dif-
ficult the appropriation and development of multiplicative reasoning,
already present, intuitively, among some students from the 1st and 2nd
grades. There is a tendency, among students, to think of the multiplica-
tive situation under an additive look, even when they come up with the
multiplication algorithm (3rd grade students)®.
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Notes

1 When carrying out this study, the literacy cycle comprised the 1st, 2nd and
3rd grades of elementary school. Thus, for the purpose of this article, the term
“literacy cycle” will include the grades mentioned above.

2 Isomorphism, from a mathematical point of view, is the mapping between
objects, which shows a relationship between two properties or operations,
preserving the structure of those properties or operations.

3 Tapioca is a typical food from Northeastern Brazil, made by roasted cassava
stuffed with coconut, cheese and butter.

4 More information about proportional reasoning can be obtained (Tourniaire;
Pulos, 1985, Lautert; Schliemann, 2020).

5 Acknowledgments: We would like to thank the Conselho Nacional de Desen-
volvimento Cientifico e Tecnolégico (CNPq) for the fellowship research funding.
We also acknowledge the Fundacao de Amparo a Pesquisa do Estado da Bahia
(FAPESB) and the Coordenagdo de Aperfeicoamento de Pessoal de Nivel Supe-
rior (CAPES) for their assistances provided in the development of the studies
from which this paper come from.
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